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The rate constants for recombination and exchange reactions are calculated using the flux corre-
lation approach with a general form of the Boltzmannized flux operator, which can simultaneously
describe the Kubo and traditional half-split forms. First, we consider an exactly solvable model, i.e.,
the free particle case, in terms of a new scaling function. Next, as a non-trivial case, we study the
recombination and exchange reactions at very high pressure. Since the rate constant is calculated
by Laplace transform of the flux correlation function, the result depends on how the Boltzmannized
flux operator is chosen. We find that a choice of the flux operator affects the rate constant consid-
erably. For the recombination reaction, the ratio of the rate constant in the half-split form to that
in the Kubo form approaches zero in the high pressure limit.
I. INTRODUCTION
To study a chemical reaction at the most detailed level, it is necessary to treat the action of the time evolution
operator, exp(−iHˆt) (Hˆ is the Hamiltonian of the system), † onto a (given) initial wave function or density matrix,
which is a function of total energy E and total angular momentum J . Such quantum scattering calculations have
actually been studied for simple chemical reactions.1 A time-dependent scattering formalism based on the S-matrix
Kohn variational approach2 or a coupled channel method in hyperspherical coordinates3 has usually been used to
evaluate the quantum reactive scattering cross sections. The number of open vibration-rotation channels, however,
increases very rapidly as thermally accessible collision energy becomes high. Therefore, at high energy the exact
quantum state-to-state calculations would not be feasible even for a simple reaction. Furthermore, if it is only the
rate constant that is desired, such a complete calculation for all state-to-state information is not economical.
A totally different approach for treating chemical reactions is that based on a correlation between quantum flux
operators in the statistical thermodynamics. In the early 60’s, Yamamoto4 first formulated an exact expression
for the rate constant as an application of the general statistical mechanical theory of irreversible process, which
was established by Kubo et al.5,6 and Mori.7 (See also Ref.8.) Independently, Miller et al.9,10,11 have developed a
method for the rate constant using a time integral of the flux-flux autocorrelation function, which is also exact in
the limit that the dynamics is extended to t → ∞. The feasibility of this approach depends on how to evaluate the
time evolution operator for the system, and the correlation is usually calculated using the Feynman path integral
technique.12,13 Although this method is powerful and convenient to obtain the rate constant, the direct application to
large, complicated systems is still difficult because of the notorious sign problem.14,15 One approach to improve this
situation is a filtering or smoothing technique16 such as the stationary-phase Monte Carlo.17 Recently, semiclassical
(SC) approaches, implemented via the initial-value representation (SC-IVR), have received a rebirth of interest. (Van
Vleck18 first discussed a drastic approximation based on the semiclassical picture.) A number of studies19,20,21 have
been carried out along SC-IVR and have demonstrated the capability of these approaches to describe various quantum
effects in chemical reactions.
It has also been shown how a quantum mechanical version of the Lindemann mechanism for collisional recombina-
tion, where the process is affected by the bath gas M ,
A+B ⇀↽ AB∗, (1)
AB∗ +M → AB +M, (2)
can be handled by the flux-flux autocorrelation function for the A − B collision.22,23,24 Some applications of this
theory are listed in Refs.25,26. It is furthermore possible to generalize the formalism to include chemical reactions as
well as recombination:
A+BC ⇀↽ ABC∗ → AB + C, (3)
ABC∗ +M → ABC +M. (4)
† We use the natural unit, i.e., h¯ = c = 1.
2Equations (3) and (4) simultaneously describe the recombination process (A+BC → ABC) and the exchange reaction
(A+BC → AB+C).23 This method has been applied to the interesting (combustion) reactions (O+OH ⇀↽ H+O2)
and the recombination reactions (O+OH+M → HO2+M ← H+O2+M), which are very important in atmospheric
chemistry.27,28
As mentioned above, there are two different ways to calculate the rate constant for chemical reactions, i.e., the
Yamamoto approach, in which the Kubo form of the flux operator is used, and the Miller approach, in which the
traditional half-split form is chosen. The two approaches can provide the same result to the rate constant because
it is given in terms of the integral of the flux-flux correlation function with respect to time.9,11 However, the shapes
of the correlation functions calculated by the two approaches are quite different from each other. Therefore, for
the recombination and exchange reactions (like Eqs.(3) and (4)) the rate constants in the two approaches could be
different, because they are given by Laplace transforms of the flux-flux correlation functions.29 The purpose of this
paper is to demonstrate the effect of different choices of the Boltzmannized flux operator on the rate constants for
recombination and exchange reactions.
First, we summarize the correlation function method briefly in Sec.II. The expressions of the correlation functions
in the Yamamoto and Miller approaches can be unified using a general form of the Boltzmannized flux operator. The
difference between the two approaches is discussed explicitly. The rate constants for recombination and exchange
processes are also studied. In Sec.III, we consider an exactly solvable model, i.e., the free particle case, in terms of
a new scaling function. In Sec.IV, as a non-trivial case, we study the recombination and exchange reactions at very
high pressure. Finally, the summary and conclusion are given in Sec.V.
II. FLUX-FLUX CORRELATION APPROACH TO RATE CONSTANTS
The quantum mechanically exact expression for a thermal rate constant k(T ) can be written in terms of the flux
correlation function9‡
k(T ) = Q0(T )
−1 lim
t→∞
Cs(r; t), (5)
where Q0(T ) is the reactant partition function per unit volume and Cs(r; t) is the flux-side correlation function defined
by
Cs(r; t) = tr[e
−βHˆFˆ (r)Pˆ ]. (6)
Here, Fˆ (r) is the bare flux operator given by
Fˆ (r) = i[Hˆ, h(sˆ)]s=r, (7)
with h the Heaviside step function and s the reaction coordinate – see Fig.1. h(s) takes the value of 0(1) in the
reactant (product) side of the dividing point r. In Eq.(6), Pˆ is the projection operator defined by
Pˆ = eiHˆth(pˆ)e−iHˆt, (8)
with pˆ the momentum operator.
For the rate constant, two different approaches have been proposed so far: one is the Yamamoto approach,4 which
is based on the linear response theory (or the so-called Kubo formula),5,6 and the other is the flux-flux autocorrelation
function method developed by Miller et al.9,10,11 In the Miller approach, Eq.(6) are modified by following two useful
facts: the first one is made by noting that Pˆ and Hˆ commute each other (i.e., [Pˆ , Hˆ] = 0) in the limit t→∞, and the
second is to replace h(pˆ) by h(sˆ) in Eq.(8), which is also correct in the limit t→∞. By virtue of these modifications,
the flux-side correlation function in the Miller approach can be rewritten as
CMs (r; t) = tr[Fˆ
M (β, r)eiHˆth(rˆ)e−iHˆt], (9)
where the superscript M stands for ”Miller”. Here, FˆM (β, r) is the half-split Boltzmannized flux operator
FˆM (β, r) = e−βHˆ/2Fˆ (r)e−βHˆ/2. (10)
‡ For simplicity, we consider a reaction in one-dimension.
3Using Eq.(7), the rate constant can also be expressed in terms of the flux-flux correlation function C(r, r; t) as
Q0(T )k(T ) =
∫ ∞
0
dt CM (r, r; t), (11)
where
CM (r, r; t) = tr[FˆM (β, r)eiHˆtFˆ (r)e−iHˆt]. (12)
On the other hand, the linear response theory gives the rate constant
Q0(T )k(T ) =
∫ ∞
0
dt CY (r, r; t), (13)
where
CY (r, r; t) = tr[FˆY (β, r)eiHˆtFˆ (r)e−iHˆt], (14)
with
FˆY (β, r) =
1
β
∫ β
0
dλ e−(β−λ)HˆFˆ (r)e−λHˆ . (15)
Here, the superscript Y stands for ”Yamamoto”.
If a general form of the Boltzmannized flux operator is introduced by21
Fˆκ(β, r) =
1
κβ
∫ (1+κ)β/2
(1−κ)β/2
dλ e−(β−λ)Hˆ Fˆ (r)e−λHˆ , (16)
where κ is a parameter (0 ≤ κ ≤ 1), the correlation functions in the Miller and Yamamoto approaches can be unified
as
Cκ(r, r; t) = tr[Fˆκ(β, r)eiHˆtFˆ (r)e−iHˆt]. (17)
It is easy to check that in the limit κ → 0(1) Eq.(17) reproduces the correlation function in the Miller (Yamamoto)
approach.
Using Eq.(7), the integral with respect to λ in the general form of the Boltzmannized flux operator can be performed:
Fˆκ(β, r) =
i
κβ
[
e−(1−κ)βHˆ/2h(rˆ)e−(1+κ)βHˆ/2 − e−(1+κ)βHˆ/2h(rˆ)e−(1−κ)βHˆ/2
]
. (18)
Combining the partial Boltzmann operator, e−(1±κ)βHˆ/2, with the real-time evolution operator e±iHˆt, we obtain two
complex-time evolution operators: e−iHˆt+ and e−iHˆt− with t± = t − i(1 ± κ)β/2. Then, the correlation function is
rewritten as
Cκ(r, r; t) =
2
κβ
ℑ tr[Fˆ (r)eiHˆt∗+h(rˆ)e−iHˆt− ], (19)
where ℑ stands for taking the imaginary part. Performing the trace operation in Eq.(19), the correlation function
reads
Cκ(r, r′; t) ≡ 2
κβ
ℑ tr[Fˆ (r)eiHˆt∗+h(rˆ′)e−iHˆt− ]
=
1
mκβ
ℑ
∫ ∞
r
ds
[
i〈s|e−iHˆt+ |s′〉∗ ∂
∂s′
〈s|e−iHˆt− |s′〉
− i〈s|e−iHˆt− |s′〉 ∂
∂s′
〈s|e−iHˆt+ |s′〉∗
]
s′=r′
, (20)
where 〈s|e−iHˆt|s′〉 is the propagator in the coordinate representation. The correlation function Cκ(r, r; t) is given in
the limit r′ → r.
4It is possible to generalize the flux correlation approach to treat recombination and exchange reactions.22,23,24,25,26
Let us consider the reaction of A+BC → AB +C and ABC in one-dimension (see Eqs.(3) and (4) and Fig.2). The
rate constants for the exchange (A+BC → AB+C) and recombination (A+BC → ABC) reactions are again given
by the average of the flux Fˆ (r) and the projection operator Pˆ over the Boltzmann distribution, where Fˆ (r) describes
the flux at the reactant dividing point r (see Fig.2). Similarly, we can define the flux operator Fˆ (p) at the product
dividing point p.
Because the probability of the system experiencing a deactivating (ABC∗+M → ABC+M) collision with the bath
gas M can be evaluated by 1− e−ηt at time t (η describes the frequency of deactivating collisions and it depends on
pressure P and T of the bath gas), the recombination probability is proportional to 1− e−ητ , where τ is the time the
trajectory (it is on r at t = 0) is in the compound region (see Fig.2). On the other hand, for the exchange reaction,
the probability is given by e−ητp , where τp is the time the trajectory exists through the point p.
Using these probabilities and the correlation function, the rate constants for the recombination and exchange
reactions are finally given by23
Q0(T )k
κ
rec(T, P ) =
∫ ∞
0
dt e−ηt[Cκ(r, r; t) − Cκ(r, p; t)], (21)
Q0(T )k
κ
exc(T, P ) =
∫ ∞
0
dt e−ηtCκ(r, p; t), (22)
where the relation ∫ ∞
0
dt Cκ(r, r; t) =
∫ ∞
0
dt Cκ(r, p; t) (23)
holds. This ensures that the recombination rate vanishes in the limit η → 0.
Because the rate constants for recombination and exchange processes are calculated by the Laplace transforms
of the correlation functions, it is clear that the evaluated results depend on κ, that is, the shape of the correlation
function affects the rate constants.29 Of course, the integral of the correlation function with respect to time itself does
not depend on κ.
III. SOLVABLE MODEL – FREE PARTICLE CASE
In this section and the next section, we calculate the rate constants for recombination and exchange reactions using
the Feynman path integral technique.12,13 A huge calculation is usually required to obtain the exact matrix elements of
propagators for a realistic system. Furthermore, it is necessary to take some approximations and numerical techniques
to perform it.17,19,20,21,30,31,32 Because the aim of this paper is to show how the rate constant for recombination or
exchange reaction depends on κ (i.e., a choice of the Boltzmannized flux operator), it would be more intuitive and
useful to first consider a simple system rather than a complicated case. We here study an analytically solvable model,
i.e., the free particle case in one-dimension, and discuss a non-trivial case in the next section.
If no potential acts on the system (see Fig.3), the propagator in the coordinate representation is easily calculated
by the path integral.12 The flux-flux correlation function Eq.(20) then gives
Cκ0 (r, p; t) =
1
4πκβ2
√
D+D−
exp
[
−mβd
2(t2 + (1− κ2)β2/4)
2D+D−
]
× [(2tA− κβB) sinX + (2tB + κβA) cosX ] , (24)
where D± = t
2 + (1± κ)2β2/4, X = κmtβ2d2/2D+D− and
A =
[(√
D+ + t
)(√
D− + t
)]1/2
+
[(√
D+ − t
)(√
D− − t
)]1/2
, (25)
B =
[(√
D+ + t
)(√
D− − t
)]1/2
−
[(√
D+ − t
)(√
D− + t
)]1/2
, (26)
with d the distance between r and p and m the reduced mass. Note that, as it should be, the correlation depends on
only the distance d and is independent of the positions r and p.
If κ = 1 (the Yamamoto approach), Eq.(24) gives
CY0 (r, p; t) =
1
2πβ2
√
2t(t2 + β2)
exp
[
− mβd
2
2(t2 + β2)
]
×
[
(
√
t2 + β2 + t)3/2 sinX ′ + (
√
t2 + β2 − t)3/2 cosX ′
]
, (27)
5where X ′ = mβ2d2/2t(t2 + β2), and
CY0 (r, r; t) =
(
√
t2 + β2 − t)3/2
2πβ2
√
2t(t2 + β2)1/2
. (28)
On the other hand, taking the limit κ→ 0 in Eq.(24), we obtain the correlation functions in the Miller approach:
CM0 (r, p; t) =
1
4π(t2 + β2/4)3/2
[
β
2
+
2mt2d2
t2 + β2/4
]
exp
[
− mβd
2
2(t2 + β2/4)
]
, (29)
and
CM0 (r, r; t) =
β
8π(t2 + β2/4)3/2
. (30)
Now it is very convenient to introduce a new scaling function
Sκrp(x, c) ≡ 2πβ2Cκ0 (r, p; t)
=
1
2κ
√
D¯+D¯−
exp
[
−c
(
x2 + (1− κ2)/4)
D¯+D¯−
)]
× [(2xA¯− κB¯) sinX + (2xB¯ + κA¯) cosX] , (31)
where x(= t/β) and c(= md2/2β) are dimensionless variables. Since the scaling function itself is a function of x and
c, it is also dimensionless. Here, D¯± = x
2 + (1 ± κ)2/4, X = κcx/D¯+D¯−, and A¯ and B¯ are given by replacing D±
with D¯± and t→ x in Eqs.(25) and (26), respectively. If we set r = p (or d = 0), we obtain
Sκrr(x) ≡ 2πβ2Cκ0 (r, r; t) =
1
2κ
√
D¯+D¯−
(2xB¯ + κA¯), (32)
which is a function of only x because c = 0.
We show these scaling functions in Figs.4 and 5. Note that the integral of the scaling function with respect to
x does not, of course, depend on κ. In Fig.4 the scaling function for κ = 1 (Yamamoto approach) is divergent like
∼ 1/√x at x = 0. Taking the limit x→ 0 implies that t approaches 0 but β is finite or T is very low (β →∞) but t
is finite. In the Miller approach (κ = 0), the scaling function is finite at x = 0: Sκ=0rr (0) = 2. For arbitrary κ, we find
Sκrr(0) = 2/
√
1− κ2. By contrast, in the limit x → ∞ (which corresponds to the case where T is very high (β → 0)
but t is finite or t→∞ but β is finite), the scaling function does not depend on κ and behaves like ∼ 1/4x3.
In Fig.5 we take c = 1.0 to illustrate the scaling function Sκrp clearly. It is remarkable that the interference effect in
the correlation is fully taken into account in the Yamamoto approach (κ = 1). Hence the scaling function oscillates
very rapidly near the origin. Contrastingly, in the case of κ 6= 1 the interference is averaged and the shape is very
smooth. The value of the scaling function at x = 0 is given by (2/
√
1− κ2) exp(−4c/(1 − κ2)) for κ 6= 1. The
partial-split form of the Boltzmannized flux operator (i.e., 0 ≤ κ < 1) is thus very convenient for actual computations.
For large x the scaling function is again independent of κ and behaves like ∼ (1 + 8c)/4x3.
Next, we study the rate constants for recombination and exchange reactions, which are given by Eqs.(21) and (22),
respectively. Using the scaling functions, we first calculate the (rr)- and (rp)-rate constants, which are, respectively,
defined by
Q0(T )k
κ
rr =
1
2πβ
∫ ∞
0
dx e−αxSκrr(x), (33)
Q0(T )k
κ
rp =
1
2πβ
∫ ∞
0
dx e−αxSκrp(x, c), (34)
with α(= βη) a dimensionless variable. Then, the rate constants are given as kκrec = k
κ
rr − kκrp and kκexc = kκrp.
In order to convert the collision frequency η to more familiar variables, we approximate the collisional deactivation
rate constant by an expression given by the hard sphere collision theory. Furthermore, if one uses the ideal gas
expansion, the frequency can be expressed by23
η = kdeact[M ] = P
√
2000
T
× 10−11, (35)
6with η in fs−1, P in Pa and T in K. Then, we find
α = βη ≃ 3.42× P
T 3/2
× 10−6. (36)
The factor c is also converted as
c =
md2
2β
= 0.0103×AmTd2, (37)
with Am the reduced mass of the system in atomic mass units and d in A˚.
Now we are in a position to show our results for the free particle case. We define the ratio of the rate constant for
arbitrary κ to that for κ = 1 (Yamamoto approach):
Rκrr(α) = k
κ
rr/k
κ=1
rr , (38)
Rκrp(α, c) = k
κ
rp/k
κ=1
rp . (39)
The ratio Rκrr is a function of only α, through which it depends on T and P , while the ratio R
κ
rp depends on α and c.
In Figs.6 and 7, we illustrate the two ratios for the free particle case. Here, we choose 0 ≤ α ≤ 1, which, for example,
covers the region of P <∼ 1.5 GPa at T ∼ 300 K. In Fig.7, c is fixed to be 20 because the ratio is not sensitive to it in
the region of 0 ≤ α ≤ 1. In Rκrr, the ratio decreases linearly and it is about 0.9 (10% reduction) at α = 1 in the case
of κ = 0. Note that a large value of α corresponds to the case of high P and low T , and that the ratio at large α is
mainly determined by the correlation function (or the scaling function) at x ≃ 0 (see Fig.4). By contrast, in Rκrp the
deviation of the ratio from unity is not large, and the ratio for κ = 0 is enhanced by about 4− 5% at α = 1.
Combining the (rr)- and (rp)-rate constants, we can calculate the ratio of the recombination rate constants, Rκrec =
kκrec/k
κ=1
rec . Because the (rp)-rate constant itself is, however, much smaller than the (rr)-rate constant, the ratio R
κ
rec
is very close to Rκrr. We find that R
κ=0
rec is again about 0.9 at α = 1. On the other hand, the ratio for the exchange
process is given by Rκexc = k
κ
exc/k
κ=1
exc = R
κ
rp.
IV. RATE CONSTANTS AT HIGH PRESSURE LIMIT
As a non-trivial example, we consider the rate constants for recombination and exchange reactions at very high
pressure. As we have seen in the previous section, it is very notable that at short time (or small x) the correlation
function (or the scaling function) in the Yamamoto approach is quite different from the other case (κ 6= 1). The
rate constant is calculated by the Laplace transform of the correlation function (see Eqs.(21) and (22)), in which the
integrand involves the factor exp(−ηt) and η is proportional to pressure. Thus, at sufficiently high pressure the rate
constant may be determined by the correlation function at short time (t <∼ η−1).
For a short time, the paths which must be considered in evaluating a potential V never move very far from the
initial position. Thus, to a first approximation, we can expand the potential V around the average of the initial (s)
and final (s′) positions:
V (x(t)) ≃ V (x¯) + [x(t)− x¯]V ′(x¯) + 1
2
[x(t) − x¯]2V ′′(x¯), (40)
where x¯ = (s+s′)/2. Here we ignore terms of higher order than the second derivative of V . By virtue of the quadratic
form of x(t), we can easily find the propagator12,13
〈s′|e−iHˆt|s〉 =
[ mω
2πi sin τ
]1/2
e−itV (x¯)eiS , (41)
where
S =
mω
4 sin τ
(1 + cos τ)(s− s′)2 − f
2F (τ)
2mω3 sin τ
, (42)
with τ = ωt, f = −V ′(x¯), ω2 = V ′′(x¯)/m and F (τ) = 2(1− cos τ)− τ sin τ . Because the potential is expanded up to
O(V ′′), Eq.(41) is valid up to O(f2) or O(ω2).
7To take the temperature effect into account, it is again necessary to introduce complex-times. Because the correlation
function is given by (see Eqs.(16) and (17))
Cκ(r, p; t) =
1
κβ
∫ (1+κ)β/2
(1−κ)β/2
dλ tr[e−(β−λ)HˆFˆ (r)e−λHˆeiHˆtFˆ (p)e−iHˆt], (43)
=
1
κβ
∫ κβ/2
−κβ/2
dλ tr[Fˆ (r)eiHˆ(t+i(β/2+λ))Fˆ (p)e−iHˆ(t−i(β/2−λ))], (44)
≡ 1
κβ
∫ κβ/2
−κβ/2
dλ Cκ(r, p, λ; t), (45)
we define new complex-times as t±(λ) = t± i(β/2± λ). Because of very high pressure (or short complex-time), it is
clear that the (rp)-rate constant becomes very small compared with the (rr)-rate constant. Therefore, we here focus
on the (rr)-rate constant and do not consider the (rp)-rate constant. Then, using the propagator Eq.(41) we obtain
Cκ(r, r, λ; t) ≃ 1
4π[t+(λ)t−(λ)]3/2
[
β
2
− β
3
24m
V ′′(r)
]
e−βV (r), (46)
up to O(V ′′). The correlation Cκ(r, r, λ; t) is completely determined by V and V ′′, while the first derivative V ′ gives
a correction to the correlation for the (rp)-rate constant. Because the quantum correction due to the potential does
not depend on λ explicitly (see Eq.(46)), the correlation function Cκ(r, r; t) can be described in terms of that for the
free particle case. It is then written best in the form
Cκ(r, r; t) = exp
[
−βV (r) − β
2
12m
V ′′(r)
]
× Cκ0 (r, r; t). (47)
In a typical chemical reaction, the interatomic distance and forces usually range over one or two angstroms, and
hence one can expect that the change of the potential is small while the motion of the order of 1A˚ has been achieved.
Because, in the ideal gas model, the root-mean-square speed of a molecule is usually estimated as v ∼ 1.6
√
T/Am×102
(m/s), the particle moves by as much as ∆x ∼ 3.5(T/P√Am)×10−4 (m) for the short period of η−1. Thus, if ∆x <∼ 1
A˚, the expansion of the potential Eq.(40) is justified and we can use the correlation function Eq.(47). If we assume a
typical mass of Am ∼ 20 and T ∼ 300 K, we find the condition of P >∼ 0.24 GPa.
Since the correction due to the potential in Eq.(47) is common to the correlation function for arbitrary κ, the ratio
of the (rr)-rate constant for arbitrary κ to that in the Yamamoto approach (κ = 1) is again given by the ratio for
the free particle case: Rκrr(α) = k
κ
rr/k
κ=1
rr . (Note that R
κ
rec ≃ Rκrr because at high pressure the (rp)-rate constant is
negligibly small.) In Fig.8, we show the ratio Rκrr in the region of 1 ≤ α ≤ 10 (cf. Fig.6). At large α the ratio is
reduced considerably, which implies that at very high pressure the (rr)-rate constant for κ 6= 1 is much smaller than
that in the Yamamoto approach.
At high P , the rate constant for κ 6= 1 may be estimated by
Q0(T )k
κ 6=1
rr ≃
Z
β2
× Sκ 6=1rr (0)
∫ ∞
0
dx e−αx =
2Z
αβ
√
1− κ2 , (48)
where Z is a (dimensionless) constant which involves the correction due to the potential. By contrast, in the case of
κ = 1 the rate constant may be given by
Q0(T )k
κ=1
rr ≃
Z
β2
× [√xSκ=1rr (x)]x→0
∫ ∞
0
dx
e−αx√
x
=
Z
β
√
π
2α
. (49)
The ratio at high pressure is thus given as
Rκrr =
2√
1− κ2
√
2
πα
, (50)
which approaches zero in the limit P →∞. At α = 10 (which, for example, corresponds to the case of T ∼ 300 K and
P ∼ 15 GPa), Eq.(50) gives Rκrr = 0.5(0.58)[0.76] for κ = 0(0.5)[0.75]. The value for κ = 0 very well agrees with the
numerical result (see Fig.8), while the value for κ = 0.75 is a little larger than the numerical one. The approximation
Eq.(48) may not work well for large κ because the peak of the scaling function at x = 0 becomes sharp near κ = 1
(see Fig.4). In the present calculation, we find that the (rr)-rate constant in the Yamamoto approach is considerably
different from the result calculated by the partial-split form. At α ∼ 10 the rate constant for κ = 1 is about twice as
large as that for κ = 0.
8V. SUMMARY AND CONCLUSION
The exact quantum mechanical expression for thermal reaction rates can be formulated by the linear response
theory,5,6,7 which Yamamoto first discussed in the early 60’s.4 Later, Miller et al.9,10,11 have independently proposed
a more convenient way, i.e., the flux-flux autocorrelation function method, to perform numerical computations. The
Miller approach can provide the exact rate constant in the limit that the dynamics of the system is extended to
t→∞. Using a general form of the Boltzmannized flux operator, we have unified the two approaches and studied the
rate constants for thermal exchange and recombination reactions. Because they are calculated by Laplace transforms
of the flux-flux correlation functions, the result depends on how to choose the Boltzmannized flux operator.
In this paper, we have first considered a solvable model, i.e., the free particle case, to demonstrate the dependence
of the rate constant on κ intuitively. To study it, we have introduced a new scaling function and investigated its
properties in detail. As a non-trivial case, we have discussed the (rr)-rate constant at very high pressure. Because
under such conditions the reaction rate is determined by a propagator at short time, the ratio of the rate constant
in the partial-split form of the Boltzmannized flux operator to that in the Yamamoto approach can be described
in terms of the scaling function for the free particle case. We have found that the rate constant for recombination
reaction in the Yamamoto approach is larger than that in the case of κ 6= 1. In particular, the (rr)-rate constant in
the Yamamoto approach is about twice as large as that in the Miller approach at α ∼ 10.
In conclusion, the partial-split form of the Boltzmannized flux operator is certainly an economical and powerful tool
to perform numerical calculations for thermal rate constants of realistic reactions. However, for the recombination
reaction it may underestimate the rate constant compared with the result calculated by the linear response theory.
The difference could be seen if the experiments for recombination reactions could be performed under the conditions
of very high pressure.
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FIG. 1: Sketch of a potential surface in one-dimensional reaction versus the reaction coordinate s. The dividing point is
denoted by r.
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FIG. 2: One-dimensional schematic diagram of the potential for A+BC → AB + C reaction. The compound region (ABC)
is bounded by the dividing points on reactant (r) and product (p) sides.
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FIG. 3: Same as Fig.2, but for the free particle case.
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FIG. 4: Scaling function Sκrr(x) for the free particle case. The dotted (dot-dashed) [solid] curve is for κ = 0(0.9)[1].
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FIG. 5: Scaling function Sκrp(x, c) for the free particle case. The dotted (dot-dashed) [solid] curve is for κ = 0(0.9)[1]. We take
c = 1.0.
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FIG. 6: Ratio of the (rr)-rate constants in the free particle case. The solid (dot-dashed) [dotted] curve is for κ = 0(0.5)[0.75].
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FIG. 7: Same as Fig.6, but for the (rp)-rate constant. The solid (dot-dashed) [dotted] curve is for κ = 0(0.5)[0.75]. We take
c = 20.0.
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FIG. 8: Ratio of the (rr)-rate constants at very high pressure. The solid (dot-dashed) [dotted] curve is for κ = 0(0.5)[0.75].
